In this paper, a class of multi-term time fractional advection diffusion equations (MTFADEs) is considered. By finite difference method in temporal direction and finite element method in spatial direction, two fully discrete schemes of MTFADEs with different definitions on multi-term time fractional derivative are obtained. The stability and convergence of these numerical schemes are discussed. Next, a V-cycle multigrid method is proposed to solve the resulting linear systems. The convergence of the multigrid method is investigated. Finally, some numerical examples are given for verification of our theoretical analysis.
Introduction
During the last few decades, fractional calculus as a useful approach has attracted great attention and begin to play an important role in various fields. Due to its remarkable performance in the description of the memory and hereditary properties of some substances, at present, many mathematical models with fractional derivative and integral have been successfully applied in physics, chemistry, biology, hydrology, finance, etc. [1, 2, 3] .
It is noteworthy that advection diffusion model is one of the most important mathematical models for transport process in physics. In general, the classical advection diffusion model is used to describe the Brownian motion which is based on the assumption that 1 solute particles undergo an addition of successive increments that are independent, where identically distributed random variables have finite variance and the distribution of the sum of such increments is a normal distribution [4] . However, many experiments shows that this model is no longer true for anomalous diffusion with diffusing particles in environments that are not locally homogeneous, including disorder that is not well-approximated by assuming a unified change in diffusion constant. Recently, fractional advection diffusion equations (FADEs) have been employed to afford this situation and yield good achievements [5, 6] . The fundamental solutions of FADEs have been studied by, for example, [7, 8] . The finite difference method has been used to treat FADEs by some authors [9, 10] . In [11, 12] , the theory of fractional derivative space is developed and the finite element method for FADEs is discussed. In [13] , the spectral Legendre-Gauss-Lobatto collocation method for FADEs is investigated. Besides, there are also many other numerical methods for FADEs [14, 15, 16] .
For the aforementioned papers, the authors only pay attention to FADEs with singleterm time fractional derivatives. However, to improve the fractional order model, some authors considered the two-term and multi-term time fractional differential equations [6, 17, 18, 19] . In this paper, we consider a class of multi-term time fractional advection diffusion equations (MTFADEs)
with boundary condition
Here 0 < β ≤ 1/2, 1/2 < γ ≤ 1 and fractional operator is defined as P(D t )u := 
In this case, Eq. (1) is a generalized time and space fractional advection-diffusion equation with multi-term time fractional diffusion terms. Case 2: 1 = α s < · · · < α 1 < α 0 ≤ 2 with initial conditions
In this case, Eq. (1) is a generalized time and space fractional advection-diffusion equation with multi-term time fractional wave terms. 
It is worth noting that Eq. (1) contains some classical fractional models. If we take α 0 = 2, α 1 = 1, K 1 = 0 in case 2, then it comes to the space fractional telegraph equations [20] . If we take s = 0 in case 1, then it becomes the traditional FADEs [21, 22] . If we take K 1 = 0, γ = 1, then it gives rise to the multi-term time fractional diffusion equations [19, 23] .
In recent years, there have been some papers on the analytical and numerical solutions of MTFADEs. In [24, 25, 26] , the analytical solutions of MTFADEs are investigated. In [27] , an effective finite difference method for two term time FADEs is developed. By the maximum principle method, the numerical solutions of the multi-term time-space RieszCaputo FADEs are discussed [28] . By finite element method, a class of MTFADEs in a bounded domain is considered [29] . Meanwhile, it should be mentioned that, by finite difference method and finite element method for fractional differential equations, the obtained linear systems yield dense coefficient matrix. Therefore, the computational cost for them will be large by some numerical method such as Gauss elimination method and conjugate gradient norm residual method. Although a large number of papers consider the finite element method for one and two dimensional fractional differential equations [30, 31, 32] , we find that there are only few papers discussing the computational cost. Currently, to reduce the computational cost, Wang et al. developed a fast finite difference method for fractional differential equations [33] . Pang et al. discussed the finite difference multigrid method for fractional diffusion equations [34] . Zhou et al. considered the finite element multigrid method for the stationary fractional advection diffusion equations with Riemann-Liouvlle fractional derivatives [35] .
In this paper, we consider the finite element multigrid method for a class of multi-term time-space Riesz-Caputo fractional advection diffusion equations in a bounded domain. We note that the finite element method for MTFADEs on case 1 in our paper has been discussed by [29] . However, the authors only considered the convergence of time discretion and space discretion, respectively. The convergence of fully discrete finite element scheme for MTFADEs is still limited. The rest of this paper is organized as follows. In section 2, some definitions and properties of fractional derivative spaces are presented and two fully discrete finite element schemes for MTFADEs on case 1 and case 2 are developed. In section 3, the stability and convergence of these fully discrete schemes are discussed. In section 4, a multigrid method for the resulting linear systems is developed and the convergence is investigated. In section 5, some numerical examples are given to demonstrate the correctness of our theoretical analysis.
Fully discrete finite element scheme of MTFADEs
In order to obtain the fully discrete finite element schemes of MTFADEs and discuss the stability and convergence, we need some preliminaries. First, we introduce some fractional derivative spaces established by Ervin et al. [11] and present the corresponding properties.
.
Definition 1 For µ > 0, we define left fractional derivative space with semi-norm
and norm
Definition 2 For µ > 0, we define fractional Sobolev space with semi-norm
and let
, wherẽ u is the Fourier transform of u.
Next, we show some properties which are derived in [11] on the above fractional derivative spaces. 
Lemma 2 If
µ > 0, u ∈ J µ L,0 (Ω) J µ R,0 (Ω),ū is the extension of u by zero outside of Ω then x D µ L u, x D µ R u L 2 (Ω) = x D µ Lū , x D µ Rū L 2 (R) = cos(πµ) x D µ Lū 2 L 2 (R) . Lemma 3 If u ∈ J µ L,0 (Ω), 0 < γ < µ, then we have u L 2 (Ω) ≤ C|u| J µ L (Ω) , |u| J γ L (Ω) ≤ C|u| J µ L (Ω) . If u ∈ J µ R,0 (Ω), 0 < γ < µ, then we have u L 2 (Ω) ≤ C|u| J µ R (Ω) , |u| J γ R (Ω) ≤ C|u| J µ R (Ω) .
The analogous results is followed if
(Ω) and 0 < κ < 1/2, then there exists a constant C depending only upon κ, u such that
Lemma 4 (see [36] 
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Next we present the finite element fully discrete schemes for MTFADEs. For Caputo fractional derivatives
, we use the finite difference method to approximate them. Let τ = T/N be the time-step, t n = nτ, n = 0, 1,
. By [37, 38] 
with b
In the following sections, we let
for case 1: 0 < α s < · · · < α 1 < α 0 ≤ 1, and define
with grid parameters h. Then we define X K h as the finite element space on S h with piecewise polynomials of order K as follows
Let u n h be the finite element solution at t = t n and u
. By (9)- (10), then the finite element fully discrete schemes of MTFADEs on case 1 and case 2 can be defined as:
for case 2:
, by Lemma 4 the bilinear form B(u, v) can be defined as
The stability and convergence of fully discrete schemes
In the following sections, we let (
are some constants and may be different in different situations.
Preliminaries
First, in order to discuss the stability and convergence of the mentioned fully discrete schemes, we present some results on the bilinear form B(u, v) and the approximation property of finite element space. By [36] , we have the following theorem.
Theorem 1 The bilinear form B(u, v) is symmetrical, continuous and coercive, i.e., there are constants
The following property of finite element space and Sobolev space is very useful for the subsequent analysis. If u ∈ H l (Ω), 0 < l ≤ K + 1, 0 ≤ s < l, then there exists a constant C Ω only depending on Ω satisfying the approximation property [39] 
where
In order to investigate the approximate property of projection operator P h , we introduce the following lemma.
Lemma 5 For the following problem
there exists a unique solution w ∈ H
Proof. By Theorem 1 and Lax-Milgram theorem, it is obvious that there exists a unique solution w satisfying
If 2β ≤ γ, then (16) and Lemmas 1-3 give
Next, we consider the case of 2β > γ. Suppose that 1/2 < µ < γ < 1, by Lemmas 1-2, Lemma 4 and the properties of fractional derivatives [3, 11] , we obtain
and
Combine (18)- (19) , Lemma 6 leads to
Similarly, we have
8 By (16), Lemma 1and Lemma 3, (21) gives
Combine (15), (20), (22) and (23), we obtain
Repeating the above process N β times such that
Furthermore, (24) and Lemma 1 lead to
Since
, by (15) , (17) , (25) , Lemma 1 and Lemma 3, we get
By the above discuss, the projection operator P h : (14) satisfies the following lemma.
Proof. By Theorem 1, we have
Therefore the approximation property (13) gives
If γ 3/4, then Lemma 5 leads to
Taking g = P h u − u, then we have
Similarly if γ = 3/4, then we obtain
Stability and convergence of scheme (11) and scheme (12)
Next, we discuss the stability and convergence of the fully discrete scheme (11) on case 1 and the fully discrete scheme (12) on case 2, respectively. First we investigate the stability and convergence of the scheme (11).
Theorem 2 For case 1, the fully discrete scheme (11) is unconditionally stable.
Proof. Suppose that w n h is also the solutions of (11), let ε
Taking v h = ε n h into (26) , by Theorem 1 we have
Using Cauchy-Schwartz inequality, (27) gives
Notice that (11) is unconditionally stable. (1)- (3) with u, u tt ,
Theorem 3 For case 1, assume that u(x, t) is the exact solution of problem
Proof. First we suppose that γ . Since (1) and Lemma 4 give
subtracting (11) from (28), taking
By Theorem 1 and Cauchy-Schwartz inequality, we obtain
We note that (7) and Lemma 6 lead to
Therefore (29) gives
it is obvious that (30) yields
Suppose that n ≤ p, we have
If n = p + 1, then by (30) and (32) we have
Since b
Therefore the mathematical induction leads to
Notice that
hence we obtain
By Lemma 6 we have
The stated result for γ = 3/4 follows analogously from Lemma 6. Next, we discuss the stability and convergence of the fully discrete scheme (12). First we illustrate the unconditionally stable of scheme (12) .
Theorem 4 For case 2, the fully discrete scheme (12) is unconditionally stable.
Proof. Suppose that w n h is also the solutions of (12) 
Taking v h = δ t ε n−1/2 h into (33), then the Cauchy-Schwartz inequality gives
The inequality (34) implies that
it is obvious that (35) yields
By Lemma 3 and Theorem 5, then we obtain
Theorem 5 For case 2, assume that u(x, t) is the exact solution to (1)-(2) and (4) with u, u ttt
Proof. Suppose that γ 3/4. Since (1) gives
subtracting (12) from (36),
and choosing v h = δ t θ n−1/2 , we obtain
The process is similar to Theorem 4, we have
The inequality (37) implies that
We note that
Since (8) 
then by (39) we obtain
The stated result for γ = 3/4 follows analogously from Lemma 6.
Multigrid method for MTFADEs
In this section, we consider the linear finite element space. Let X 1 h k denote the sequence of partitions ofΩ with mesh size h k and h k−1 = 2h k . First we define the coarse-to-fine transfer operator 
. We also define the fine-to-coarse transfer operator
For the resulting linear systems
h from the fully discrete scheme (11) and (12), we describe the V-cycle multigrid method in Algorithm 1 [34] .
Here we only investigate the convergence of V-cycle multigrid method for MTFADEs on case 1. The convergence for case 2 can be obtain analogously. First we present some definitions. For case 1, let
Define oprators A
where (u
We also define mesh-dependent norm as
Finally, we recursively define the error operator
is the smoothing operator. In fact, E k has the following property [39] 
Next, we discuss the convergence of multigrid method for MTFADEs. For simplicity, we only consider the case of m 1 = m, m 2 = 0 and let |·| s,k denote |·| s in the case without causing ambiguity.
Theorem 6 For each u
Here we prove our result by mathematical induction. 
where (41) and (45) lead to
, then (41) and the above approximation property give
Thus we get
By inverse estimate and continuous of A n (u n , v), it is easy to know that
Thus (46) gives
In [39] Lemma 6.6.7, we know
. Therefore (47) leads to 
Numerical experiments
In this section, suppose that Ω = (0, 1), t ∈ [0, 0.5], we present some numerical examples based on piecewise linear polynomials and piecewise quadratic polynomials to prove the correctness of our theoretical analysis. First we verify the convergence of finite element method for MTFADEs satisfying u(
for case 2 in temporal direction. Next, we show the condition number of the resulting stiffness matrix increases with some incremental parameters. Furthermore, we employ some numerical method to solve the resulting linear systems and compare the computational costs with V-cycle multigrid method. Example 1. Consider the following problem
, ψ 1 (x) = 0 for case 2 and
The exact solution of Example 1 is u(x, t) = 100(t 2 + 1)(x 2 − x 3 ). Table 1 presents the error and convergence rate in spatial and temporal direction by · 0 with α 0 = 0.5, α 1 = 0.2, β = 0.3, γ = 0.8 based on piecewise linear polynomials. Table 2 presents the error and convergence rate in spatial and temporal direction by · 0 with α 0 = 1.5, α 1 = 1, β = 0.4, γ = 0.75 based on piecewise quadratic polynomials.
Example 2. Consider the following problem
. The exact solution of Example 2 is u(x, t) = 100(t 2 + 1)x 2 (1 − x) 2 . The aim of this example is to compare the computational cost to solve the resulting linear systems by different numerical methods and indicate the effectiveness of V-cycle multigrid method. In Figure  1 , we show the increase of condition numbers of resulting stiffness matrix with incremental parameters based on piecewise linear polynomials. It means the traditional iteration algorithm such as CGNR method will performance poorly for solving the resulting linear systems in this situation. In Table 3 , we list the average iteration numbers and CUP time of the Gauss method, the CGNR method and the V-cycle multigrid method with K 1 = 5, K 2 = 30, α 0 = 0.7, α 1 = 0.4, β = 0.3, γ = 0.85 (for case 1) based on piecewise linear polynomials. In Table 4 , we present the average iteration numbers and CUP time of the Guass method, the CGNR method and the V-cycle multigrid method with K 1 = 20, K 2 = 130, α 0 = 1.3, α 1 = 1, β = 0.2, γ = 0.95 (for case 2) based on piecewise linear polynomials.
Conclusions
In this paper, the finite element method is developed for a generalized time and space fractional advection-diffusion equation with multi-term time fractional diffusion terms and multi-term time fractional wave terms. The stability and convergence of the obtained fully discrete schemes are investigated. In order to decrease the computation cost of large resulting linear systems, the multigrid method is used and the convergence is discussed. Finally, we give some numerical examples to verify the correctness of our theoretical analysis. Although we have developed effective numerical method for the fractional advection dif- fusion equations with case 1 and case 2 mentioned in secton 1, it is worthwhile to note that the finite element method and the valid theoretical analysis for MTFADEs are still limited on the case 0 < α s < · · · < 1 ≤ · · · < α 0 ≤ 2. It will be considered in our further research.
